A BANACH ALGEBRA APPROACH TO 
AMALGAMATED R- AND S-TRANSFORMS 

O 
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^ ■ Abstract. We give a Banach algebra approach to the additive- 

ness property of Voiculescu's amalgamated R-transform. We also 
Qs ■ define an amalgamated S-transform and prove that it is multiplica- 

tive on products of amalgamated free random variables when the 
. algebra of amalgamation is commutative. 

< 

o 

<^ • 1. Introduction 

If v4 is a unital algebra and is a unital linear functional on A we will 
say that {A, 0) is a free probability space. The elements of A are then 
> I the free random variables, and serves as the "probability measure" 

C^ ■ on A. Given two random variables ai , 02 G ^4 we say that ai and 02 

are free wrt. if for all n G N and all polynomials (pi)"=i we have 

^ ■ 

O '. 0(Pi(aii)P2(ai2) ■ ■ -PniaiJ) = 0, 

O I whenever h ^ 12 7^ ■ ■ ■ in 7^ h and <PiPjiO'j)) = for j = 1, . . . n. 

It turns out that freeness of ai and 02 and knowledge of 0(af') and 

c^ . 0('^2) fo'^ all A; G N is enough to compute the distributions of ai + a2 and 

aia2, i.e. finding the moments 0((ai + a2)'') and 0((aia2)'^) respectively 

for all k E N. This is done in turn by use of Voiculescu's R- and 

S-transforms. 

For fixed a E A one define the Cauchy-tranform of a by 



^ 



X 



G„(2) = Hiz - a)-i) 
for 2 G C whenever this makes sense, and also define 

^IJaiz) = 0((1 - za)-') - 1 
for 2; G C. The R- and S'-transforms are then defined by 



R,{z) = Gi-'\z) - z- 
and 

Sa{z) = ^-^^i''\z 
1 



1 
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for 2; G C, where superscript (—1) denotes inversion wrt. composition. 
Voiculescu then proved the following formulas |Voil| . |Voi2| : 

(1.1) Ra,+a2{z) = RaM + RaA^) 

and 

(1.2) Sa^.a.,{z) = Sa,{z) ■ Sa,{z). 

when ai and 02 are free wrt. and 2; G C is chosen suitably. 

Alternative proofs of the above formulas can be found in |Haa.| . |Spl| 
and |NS1| . A nice combinatorial review can be found in |Sp3| . 

Instead of considering a "classical" free probability space one can 
consider the more general notion of an amalgamated free probability 
space, i.e. let ^ be a unital Banach algebra, 1 G B C /I a unital 
Banach sub-algebra of A, and E : A ^ 'B a conditional expectation. 
Thus E is linear, E{b) = b iov all b & 'B, E is norm-decreasing, and E 
has the S-bimodule property; 

E{biab2) = biE{a)b2 

for 61, &2 e S and a G ^l. We will say that (B C A, E) is a B-probability 
space. 

By replacing freeness above by the corresponding freeness with amal- 
gamation Voiculescu proved an amalgamated version of (jl.lll in |Voi3j . 
and Speicher reproved this by combinatorial means in |Sp2| . The def- 
inition of freeness wih amalgamation is as follows. Let ai, a2 E A he 
random variables in A. We will say that Oi and a2 are free with amal- 
gamation over B wrt. E (or free wrt. B or simply B-free) if for all 
n G N and for all Xj G alg(S, ai) we have 

(1.3) E{xiX2- ■■Xn) = 0, 

whenever h j^ i2 7^ ■ ■ ■ ^ in and E{xj) = for all j = 1, . . . ,n. In 
other words the indices has to be alternating since we are only dealing 
with two random variables. 

Note, that if the condition E{xj) = 0, 1 < j < n is relaxed to 
E{xj) = for 2 < j < n — 1, ()1.3j) should be changed to 

n ^N n^f \ } E{xi)E{Xn-l), U = 2 

1.4 E{XiX2---Xn-l) = < . 

10, n > 3 

This can be seen by writing Xi = x^ + E{xi) and x„ = x° + E{xn), 
where S(x°) = E{x'^J = 0. 

In the unital Banach-algebra seting we give a new proof of the ad- 
ditiveness property of the amalgamated /^-transform. We also prove 
an amalgamated version of ()1.2jl for the amalgamated S'-transform in 
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the case where S is abelian. Our methods are strongly inspired by sec- 
tion 3 of [:Ha3 ^^d ^^ i'^ |Haa| we give concrete neighboorhoods where 
amalgamated versions of (ll.ip and ()1.2|) are valid. 



2. Amalgamated R-transform in Banach-algebras 

Throughout this paper we let ^ be a unital Banach algebra, 1 G 
S C /I a unital Banach sub-algebra of ^l, and E : A ^ "B a conditional 
expectation, so that (S C A, E) is a S-probability space. 

For e > we denote by S(0,e) the e-neighborhood of in B and 
by !B(0, e)inv the invertible elements in 'B of norm strictly less than e. 
Finally !B(0, e) will denote the norm-closure of !B(0, e). 

Let a E Ahe fixed. Define the function Qa '■ B(0, lAr) ^ B by 

(2.1) gaib) := hE{{l - aby') = E{{1 - ba)-')b 

for 6 G B(0, -p^). For 6 G B(0, pj) observe that by the Carl Neumann 
series ga{b) is just the absolute convergent sum 

g^(b) = b + bE{a)b + bE{aba)b + ■■■ . 

Of course, if 6 G S(0, |n¥)inv then ga{b) = E{{b^^ — a)~^) is nothing but 
Gaip~^)^ where Ga is the amalgamated Cauchy-transform of a. 

Lemma 2.1. Let g'^ : S(0, lAr) ^ 3 &e the function defined by ^2.1\) . 
Thenga ts 1-1 onS(0,^). 

Proof. Let 6i, 62 £ B such that ||6j|| < |A| for < a < 1 to be deter- 
mined. The idea is to determine a such that 

(2.2) II {(gaib,) - gaib^)) - {b, - b^) \\ < \\b, - b,\\ 

for ||6i||,||62|| <^. 
Observe that 



J2 



9aibi) - gaibi) = (61 - 62) + E{biabi) - E{b2ab2 

+ E{biabiabi) — £'(62062062) + • • • 

= (61 - 62) + E{{bi - 62)061) + £(620(61 - 62)) 

+ £(61 - 62)061061) + £(620(61 - 62)062) 

+ £(620620(61 - 62)) + ■ 
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SO we can estimate the left-hand side of (j2.2|] by 

Wdaih) - ga{h2) - {hi - ^2)11 < 2 ||a|| max{||6i|| , II62I 
+ 3 ||a|| max{||6i|| , ||62||}^ ||&i - &2II + ■ 



< II&1-&2II 5^(n+l)a"-l 



vn=0 

1 



\bi 



We infer that if a < t then (12.21) is satisfied. D 



We are interested in a neighborhood !B(0, tAt), where < /5 < 1 is 
to be determined, such that Qa maps !B(0, -Wa^) o^to a neighborhood 
of which contains the neighborhood B(0, i^)- For this we need the 
following lemma that enables us to use the Inverse Function Theorem 
|VLH[ Theorem 3.6.3] on Qa- 

Lemma 2.2. Let a E A be fixed. Define Qa : 3(0, J^) ^ "B by Qaip) = 
bE{{l — ab)^^) for b E !B(0, jAt). Then Qa is Frechet differentiable, and 
the differential of ga is 

Dga{b) : h ^ E{{1 - ba)-^h{l - ab)-^) 

for b E !B(0, T|i|7) and h E 'B. Furthermore the differential, Dga : 
23(0, ttit) -^ B, is continuous, so that Qa is differentiable of class C^ 
IfbE S(0, ^) /or < a < 1 then 

(2.3) \\Dg^ih)-DgM\\<'^^^- 



a] 



Proof. If 61,62 gS(0,^) then 

(2.4) ||(l-6ia)'i-(l-M"'|| 

= 11(1 - 6ia)-i((l - M) - (1 - hia)){l - M"i 
= \\{l-bia)-\b2-b^)a{l-b2a)-^\\ 

< 11(1 - bia)-^\\ 11(1 - b2a)-^\\ \\a\\ p^ - bi\\ 

1 1 , , , 

— n — iTii 17 iil~~irii — 17 11*^11 ll"2 — "il 

1 — a 61 1 — 62 a 
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as ^2 -^ bi in norm. Also 

(2.5) ga{h{) - ga{h2) = E{{1 - ha)-% - b^il - ah^)-^) 

= E{{1- hia)-\h{l - ab2) - (1 - 610)62) (1 - 062)"') 

= Eiil-b,a)-\h~b2)il-ab,)-'). 

Combining (12. 4|] and (J2.5I1 we conclude that for 6 G S(0, n^) fixed, and 
/i G S of small norm the first part of the lemma now follows since 

gaib + h)- gaib) = Eiil - (6 + h)a)-'hil - ab)-') 
= E{{1 - ba)-^h{l - ab)-^) 
+ E (((1 - (6 + h)a)-^ - (1 - ba)-^) h{l - ab)-^) 

= E{{1 - ba)-^h{l - ab)-^) + 0(||/if ). 

To see that Dga : b 1— » Dgaip) is continuous for b E !B(0, |T^) we 
observe that if 61, 62 G S(0, -A) then (ITll implies 

(2.6) WDgaibi) - Dgaib2)\\ = sup \\Dgaibi)ih) - Dgaib2)ih)\\ 

\\h\\<l 

= sup \\E{{l-bia)-^h{l-abi)-^)-E{{l-b2ay^h{l-ab2y^))\\ 

\M<i 

< sup \\{l-bia)-^h{l-abiy^ -{l-biay^h{l-ab2y^)\\ 

\\h\\<l 

+ sup ||(1 - bia)-^h{l - ab2y^ - (1 - 620)^^/1(1 - a62)"^)|| 

\\h\\<^ 

< ||(l-6ia)"^|| ||(1 -abi)-^ - (l-a62)"^|| 

+ ||(1 - bia)-^ - (1 - 62a)"^|| ||(1 - a62)"^|| -^ 

as 62 — > 61 in norm. 

Let < a < 1. For 6 G 3(0, ^) we use ^I^ (with 61 = 6 and 
62 = 0) to see that 

\\Dga{b) - DgMW < ||(1 - M''|| ||(1 " «&)"' " l|| 

+ ||(l-6a)-^-l|| 

1 



< 



1) fEii«n"ii^ir 



1 \ a a{2 — a) 

1 — a /I — a (1 — aY 

U 
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Proposition 2.3. Let A be a unital Banach algebra, 1 E "B C A a 
unital Banach sub-algebra, and E : A ^ "B a conditional expectation. 
Let a E A be a fixed element. The function Qa '■ S(0, jr^) -^ B defined 

by ga{b) = bE{{l — ab)~^) for b E !B(0, |A|) is a bijection of the neigh- 
borhood 23(0, 4Trn|) onto a neighborhood ofO which contains B(0, yyit^)- 
Furthermore 



(2-7) 9r'^{mT^\))^no,TWa 

(2.8) ^<-'>(s(0,4^W)cS(0 



ll||a||/mv 

The proof is actually just an inspection of some of the proof of the 
Inverse Function Theorem, and can be found in any standard text book 
on the subject. The proof we inspect here is taken from |VLH] . Since 
the estimates are of importance to us we include a proof. 

Proof Define T : S(0, ^) ^ S by T{b) = b- ga{b) for b G S(0, ^), 
and observe that T(0) = 0. By lemma l2?2l we have 

L>T(0) = L'idBlO) - Dga{<d) = Did^{0) - Did^{0) = 0. 

By lemma [2121 -D (7a is continuous so DT is also continuous, and 

a(2 — a) 



\\DTm = WDg^ib) - DgMW < 



aV 



for b E !B(0, |A| ) and < a < 1. If we choose a = ^ for e > small 
enough we have 



2+£/2 _ 2+e 

\DT(b)\\< "/ ,_J}/ < 
11 



(1-^)2 2- 



By the Mean Value Theorem IVLHJ we conclude that 

\\Tm<l\\b\\ 



2+e 



for6GS(0,,,ll^l|,. 

Now let b E S(0, ^^) and define 

T-,ib)=b-Tib) = b + b-g,ib) 

for b E S(0, ^). For b E 3(0. ^) we have 

iill'^ll ii|l'*ll 

m(&)ii = ii^-n&)ii<iifeii + r(6)ii<^, 
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2+e 



SO actually T^ is a continuous map from the Banach space B(0, mi^uj 
into itself. Also T^ : !B(0, jjjor ) —>■ ^(0, iyJot) is a contraction since for 
61,62 e S(0,^) we have 

\\T-M - T^(62)|| = ||T(60 - T{b,)\\ <l\\b,-h\\, 

again by the Mean Value Theorem |VLH| . Banach's Fix-point Theorem 
|VLH| now implies that there exists a unique fix-point b G S(0, ^jfe) 

of T^. Thus ga{b) = b, so we have shown that 

Of course an argument similar to the above also shows that 

(2.9) 3(0, 4^) C ^,(3(0,^)). 

Now assume that ||6|| = j^^\- If ||fi'a(6)|| < yyjt^ then since ga is 
continuous we could also find a &i G B such that jjl^ < ||6i|| < ^^^ 



ll||a|| 

and such that ||5'a(&i)|| < YiTTI- But by ()2.9|) we could also find a 62 G 
S(0, i-ifuu ) such that 5'a(&2) = Qaipi) thus contradicting the injectivity of 
Qa on !B(0, -w^) that follows from lemma ITTl We have now shown that 
Qa is a bijection of the neighborhood B(0, y^-y:) onto a neighborhood 
of which contains S(0, yjit^) and this is exactly (J2.7J1 . 

To prove (HHI), define ^^(fo) := E^=i E{{abY) for fe G S(0, ^). For 
6 G B(0, 2P1) we have 



00 00 _ 



2'- 

ri=l n=l 

SO 1 + ^aib) is invertible. Thus if 6 G S(0, giibi ) ^^ have 

^„(6) = 6^((l-a6)-i) = 6(l + *a(fe)), 

so invertability oi Qaib) is equivalent to invertability of 6 and thus ()2.8|) 
follows. D 

Proposition l2.3l now assures well-definedness when we to define Voiculescu's 
amalgamated R-transform in the Banach algebra setting. 

Definition 2.4. Let yi be a unital Banach algebra, 1 G S C ^ a unital 
Banach sub-algebra, and E : A ^ 'B a. conditional expectation. Let 
a G ^ be a fixed non-zero element. Then the amalgamated i?-transform 
of a is defined by 

(2.10) Ra{h):={gr'''{h))-'-b-' 
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for6eB(0,^)i,.. 

Again we can also use proposition 12.31 to show the additiveness of 
the amalgamated /^-transform on free random variables. 

Theorem 2.5. Let A be a unital Banach algebra, 1 E 'B d A a 
unital Banach sub-algebra, and E : A ^ "B a conditional expecta- 
tion. Let ai,a2 E A be two "B-free random variables with respect to E. 
Let b e S(0,min(YY|i^7:p^, YT]^'TTp;^))mv Then the amalgamated 
R-transform satisfies 

Proof. In the following proof i always denotes an index such that i G 
{1,2}. Recall that Qa'"^^ is defined and one-to-one in .8(0, x;^|u.|| )inv 
by proposition O Let h G 3(0, min(^^^J^^, ^j^, y^^))i„^ and 
let 61,62 £ B be the uniquely determined elements that satisfy hi G 

^(O'm)invand 

_L J. IJCt^ II ' 

(2.11) h = gaXhi), 

for i G {1,2}. Observe that 

00 
hr^h = hT\E{{l - aA)-^) = 1 + 5^ E{{aAr), 

n=l 

and thus 

00 00 

h-^b + h^^h -1 = 1 + ^ ^((ai6i)") + Y. Eiia^b^T), 

n=l n=l 

SO we infer that b^^b + b2^b — 1 is invertible and that 

_2_ 

\\{b^^b + b^^b-l)-^\\ < 1 + 2^^ <2, 



11 



because k G 3(0, jj^)- If we define 63 = b{b^^b + b^^b - 1)"^ then 
obviously 63 e 3(0, Y^^^:p^)mv because b G 3(0, Y^^^^:^)mv Fur- 
thermore 



-1 _ ;,-! I ;,-! ;,-i 



(2.12) 63-^ = bl' + 62 
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Defin e Ai{bi) = {b^^ - ai)-^ - b and ^1(62) = (b^^ - aa)"^ - b. By 
dOT]) we have E(Ai(6i)) = ^(^2(62)) = 0. Note that 



(fer' - ai)fe (1 - 6-1^(61)6-1^2(62)) (62-1 - 02) 
= (6^1 - ai) (6 - ((6^1 - ai)-i - 6)6-i((62-i - a2r' - 6)) (62-^ - as) 

= (6^1 - ai) (6 - (6^1 - a,)-^b-\b^' - 02)-^ 

+ (6^1 - ai)-i + (63-1 - a2)-i - 6) (63-1 - a2) 

= -6-1 + (6^1 - ai) + (63-1 - 02) 
= 63^1 - (oi + 02). 

Inverting we have 

(2.13) (63-i-(ai + a2))-i 

= (62"' - a2r\l - b-'A^{b^)b-'A,{b2)r'b-\bi' - a^r\ 

We want to use the Carl Neumann series in ()2.13p so we observe that 

b-'A{bi) = b-\{br'-a,)-'-b) 

= (6,£;((1 - aA)-')))-\il - aA)-' - 1 
00 \ ^ / 00 \ 

1 + Y, EiiaAd'^) 1 + Y^^aAT - 1 

n=l / \ n=l / 

00/00 \^\ / °° \ 

1 + E - E ^((«^^«)") 1 + J2(<'^b,r - 1 

A;=l \ n=l J J \ n=l j 

D / 00 \ '^ 00 

\ n=l / n=l 

00/00 \'^\/oo 



We infer that 



A;=l \ n=l / / \n=l 



2 



(2.14) ||6-iA,(6,)|| < T^ + T^ + T^T^ < 1- 

9 11 9 11 
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The Carl Neumann series now applies to (I2.13J1 : 

(2.15) (6ji-(ai + a2))-^ 



= {b2' - a2r' 5^(rMi(f>i)6-M2(62))" b-\b^' - a,)-' 

\n=0 J 

Since Ai{bi) and ^2(62) are S-free and centered p.l5|) and ()1.4p implies 

9a,+a,ih) = Ei{b^'-iai + a2))-') 

= Eiib,' - a,)-'b-\b^' - a,)-') 

= Eiib^'-a2)-')b-'Eiibi'-a,)-') 

= bb-^b = b. 



Thus by (l2T2ll 



(gV^ib))-' -b-' + (gt'^-ib))-' -b-' 

Ra,{b) + Ra,{b). 



3. Connection to Speicher's combinatorial approach 



D 



Actually we do not have to restrict ourselves to invertible elements 
in definition 12 .41 because we will now show that the i?-transform has 
a !B-removable singularity in each non-invertible element exactly as is 
the case for the scalar R-transform |Haa( prop. 3.1]. 

For this we need the following description of the sum over all irre- 
ducible non crossing partitions. We wil say that a partition vr G NC(r) 
is irreducible HI r^^, r and we will denote concatenation of non-crossing 
partitions by U. 

Lemma 3.1. let A be a unital Banach algebra, 1 E T) C A a unital 
Banach sub-algebra of A, and E : A ^ 'B a conditional expectation. 
Then 

j=l ni-\ \-nj=r 7reNC(j 

ni,...,nj>l 7r<l„-^U---L 

for allr eN , a eA and b e'B. 



®r\ 



j=l ni+--+nj=r 7reNC(r) 7reNC(r) 

ni,...,nj>l 7r<l„^U---Ul,, . l~^r 
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Proof. The proof is on induction in r. For r = 1 (13 .Ij) is obvious since 
both sides of the equation reduces to Kf{ba). 

Now assume that ()3.1|1 is true for all indices strictly less that r. Then 
the left-hand side of (|3.1|) is 

(3.2) Ei{bar)+J2i-iy^' E E E ^niibarn- 

j=2 ni=l n2-i l-nj=r-ni 7rgNC(r) 

n2,...,nj>l 7r<l„-^U---Ul„^. 

Since "T.''j=2 En7=t^ = En7=i ^^=2'"^^" we can rewrite (HI) as 



r-l 



r— ni+1 



i?((H^')+|E E <((H^"^) E (-1)'^' 

, ni=l7riGNC(ni) i=2 



E E -^((b^) 



\ 



'0{r-ni)\ 



n2-\ \-nj=r-ni 7reNC{i — ni) 

n2,...,nj>l 7r<l„2LJ---Ul„ , 

Defining index i := j — 1 and nii := n^+i for / G {1, . . . , j — 1} we have 



/ 



r-l 



\(Xini- 



(3.3) E{{baY)+lYl E <((^' 

yni=l7riGNC(ni) 

/ \\ 

r—ni 

-E(-i)'^' E E '^.^((H^^^--^^: 



V 



2 = 1 



miH \-mi=r-ni 7r€NC{r-ni) 

?72l,...,?727>l 7r<l I I...1 11 



/ 



/ 



Using the induction hypotheses on the inner parenthesis of ()3.3|) we 
have 



(3.4) E{{ba) 
I 



r-l 



/ 



V 



E E <((H^"^; 

'^l=l7^leNC(nl) 



E '^^((H 



?){i — rai)\ 



. 7rGNC(ni+l, .■■,»•) 
\ {ni+l)~^r 



/ 



/ 



But the (outer) parenthesis in (J3.4J1 is just the sum over all non- 
irreducible partitions in NC(r), so (13. 4|] reduces to 

E '^^((H^O- 

7reNC(r) 

l~7rr 
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D 



We are now ready to remove the B-singularities of the i?-transform. 
Let ga{b) e S(0, nH^i^^^ ^^^ ^°™^ ^ ^ ^*^'^' TIh)''^^- ^hen 

Ra{9a{b)) = b-' - {ga{b))-' 



-1 



b-\E{l - ba)- 
b-'-b-'(l-(-Y,E{{bar) 

oo / oo 

i=l \n=l 

oo \ / oo 

Y,E{a{bar)\ {l + Y,E{{bar) 

^ra=0 / \ n=l 

(3.5) = £;(a(l-6a)-i)(^(l-6a)~^)"^- 

We can thus adopt ()3.5p as the definition of the /^-transform even for 
non-invertible gaib) G S(0, xiLii )- Doing this we recover Speicher's 
definition of the amalgamated /^-transform from |Sp21 Th. 4.1.12] by 
use of lemma im We have 



n=0 \ n=l 

n=0 \i=l \n=l 



(3.6) = b-'Y. 



r=l 



. j=l ni+-+nj=r 

\ ?ii,...,nj>l / 



Actually the last line does not make sense for non-invertible elements, 
but the singularity is obviously removable because E has the S-bi- 
module-property, and the following computations becomes notationally 
simpler, when we write (13.6J1 in this way. We now use lemma 13.11 in 



AMALGAMATED R- AND S-TRANSFORM 1st February 2008 



13 



(M 






Rai9a{b)) = 


oo 


/ 

j=l mH \-nj=r 7reNC{r) 

1 ni,...,nj>l 7r<l,i-^U-Ul 



\ 



K, 



^{{bar) 



(3.7) 



oo 



r=l 






7reNC(r) 



/ 



Rearranging the sum after the number of elements in the block that 
contains 1 and r (which are always in the same block), we actually just 
sum over all possible outer partitions. 

(3.8) Ra{ga{b))= 

oo r 

J2Y1 Yl t^'^{a®E{{baY^)ba®E{{baY^)ba®---E{{baY^)ba) 

r=2 j=2 i2+i3+---ij+j=r 
12,13,. ..,ij>0 

oo oo 

= Y Yl i^'^{a®E{{baY^)ba®E{{baY'')ba®---E{{baY^)ba). 

k=2 12,13,. ..,ik=0 

Rearranging terms in ()3.8|1 we get 

Ra{9a{b)) = E '^-'^ h ® I I E ^((^«)") 1 ^^ ' 



oo 



vn=0 



(3.9) 



Y^ /«?(« ® ga{b)a (g) ■ • • (g) ga{b)a). 



r=l 



This is exactly Speicher's way of defining the amalgamated /^-transform, 
and additivity of the /^-transform on S-free variables thus follows from 
|Sp21 th. 4.1.7]. The new thing is that we have produced a con- 
crete neighborhood where the sum in 1)3.9^ makes sense, that is, if 
ga{b) G B(0, Yxpi ) for some 6 G 3(0, Y^pr ) then (IT9| is convergent. 

4. Amalgamated S-transform in Banach-algebras 

Again we let >A be a unital Banach algebra, 1 G B C /I be a unital 
Banach sub-algebra of A and E : A ^ "B a conditional expectation. 
The results on the amalgamated S'-transform are obtained via a similar 
approach as in the last section. 
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Let a G yi be a fixed element. Define ^^ : ^(0, |T^) -> S by 

oo 

(4.1) ^a{b) = J2 EiibaT) = E{{1 - bay') - 1, 

n=l 

for 6gS(0,^). 

We proceed as in the previous section to show that \l/a is injective in 
a neighborhood B(0, n^) and maps S(0, n^) onto a neighborhood of 

which contains a neighborhood !B(0, n^), where a and P are constants 
to be determined. 

Lemma 4.1. Let a e A such that E{a) E Sjnv and let ^a ■ 23(0, -rrKr) ^■ 



B be the function defined by \4.1\ ). Then \l/a is 1-1 on B(0, .. ,,i,,p, -.-im )- 

Proof. Define r„ : S(0, ^) ^ 3 by T^ : 6 ^ ^!a{b)E{a)-^ . Let 
6i, 62 £ S(0, „ ii:j|| " , -,11 ) where < a < 1 is to be determined. Observe 

that since 1 < ||a|| ||E(a)~i|| we have S(0, ^^^^— ^) C S(0,^). 
Now 

ra(&i)-r,(62) = bi-b2+{E{b^ab^a)~E{b2ab2a) 

-\-E{biabiabia) — E{b2ab2ab2a) + ■ ■ ■ ))£'(a)~^ 
= &i - 62 + (^((&i - b2)abia) + E{b2a{bi - 62)0) 
+£^(61 — b2)abiabia) + E{b2a{bi — b2)ab2a) 
+E{b2ab2a{bi - 62)0) + ■ ■ ■ )^(a)~^- 
Defining c = ||a|| max{||6i|| , II62II} we estimate 

\\m^{b,)-^>a{b2)-{b,-b2)\\ 

< 2 ||a|| maxjllfeill , II62III \\bi - b2ll ll«ll ll^(a)"^ll 

— II II Lll J-ll'll ■^IIJII J- -^llll I'll ^ / II 

+ 3||af max{||f>i|| , ||62||}^ H^i -&2II ||a|| ||^(a)"^|| 



< \\bi - 62II ||a|| ||^(a)-^|| ( ^(n + l)c" - 1 

.n=0 



((Tr^j^ll^llll^H 'II 11^1-^2! 



«(2 -a) 
(l-a)2 

We infer that when a < 7 then "; ""i < 1 and the lemma follows. D 

4 (1— a)^ 
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Lemma 4.2. Let a e A he fixed. Let ^a ■ "3(0, -^^) ^ "B be the 
function defined by \4.1}^ . Then ^a is Frechet differentiable, and the 
differential of ^a is 

D^aih) : h ^ E{{1 - ba)-^ha{l - ba^^) 

for b G S(0,|T^) and h ^ 'B. Furthermore the differential, D^a '■ 
S(0, T^) ^ "B, is continuous, so that \l/a is differentiable of class C . 
7/6 G 3(0,^) then 

Proof. Recall that for 6i, &2 £ 3(0, jAt) we have 

(1 - b^a)-^ - (1 - b2ay^ = (1 - b^a)-\bi - 62)^(1 - ha)-\ 
so 



-1 n u „\-i| 



(4.3) \\{l-bia)-' -{l-b2a) 

- 1 iiL 1 1|, Il«ll 11^1 - H\ -^ 

1 — ||0i|| ||a|| 1 — II02II ||a|| 

for bi —>■ 62 in norm. Also 

00 00 

^a{bi)-^a{b2) = 5^7;((6iar)-5^i?((M") 

n=l n=l 

= E {{1 - bia)-^ - {1 - b2a)-^) 

(4.4) = E {{1 - bia)-\bi - b2)a{l - b2a)-^) . 

Combining ()4.3p and ()4.4|) we get 

^a(& + h)- ^a(fo) = E{{l-{b + h)a)-^ha{l - ba)-^) 
= E {{1 - ba)~^ha{l - bay^) 
+ E{{{l-{b + h)a)-^ - (1 - ha)-^) ha{l - ba)-^) 

= E{{1- ba)-^ha{l - ba)'^) + 0{\\hf) 

for all b G B(0, |T^) and /i G S of small norm. This shows the first part 
of the lemma. 
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Let bi, 62 G S(0, 11^). Continuity of D-^a ■ b ^ D'^aib) follows from 

(4.5) \\D<i/a{bi)-D^a{b2)\\ 

= sup \\D^a{bi){h)-D^a{b2){h)\\ 

\\h\\<l 

= sup \\E ((1 - bia)-^ha{l - bia)-^) - E {{1 - b2a)-^ha{l - 62«)"^) 

||h||<i 

< sup ||(1 — 6ia)~^/ia(l — 6ia)^^ — (1 — 6ia)^"'^/ia(l — 62a) ""^11 

||h||<l 

+ < sup 11(1 — bia)^^ha(l — 62^)^^ ^ (1 ^ b2a)^^ha{l — b2a)^'^\\ 

\\h\\<l 

< ||(1 - bia)-^ - (1 - b2a)-^\\ \\a\\ (||(1 - bia)-^\\ + ||(1 - &2a)"^||) 

for 61 -^ 62 in norm. Specifically letting 62 = and 61 = 6 in ()4.5|) we 
have 

||D*a(6) - l^^a(0)|| < ||(1 - ba)-^ - l|| ||a|| (||(1 - ba)-'^\\ + l) 

< Hall , "":!■'::.!' .. ( - — ^^ + 1 

1- ||6|| ||a|| 

llfellllaf 






Proposition 4.3. Let A be a unital Banach algebra, 1 E 'B C A a 
unital Banach sub-algebra and E : A ^ 'B a conditional expectation. 
Let a E A be a fixed element and assume that E{a) G Binv- The 
function ^^ : S(0, ^) ^ S defined by *„(6) = ^((1 - ba)-^) - 1 for 

b G S(0, 11^) is a bisection of the neighborhood S(0, .. ..i..^, , ^,, ) onto 

a neighborhood of which contains B(0, auL i-im^ )- Furthermore 

(4.6) v,<-> (S(0, ,,|,|.||^(,)_.||. )) C B(0, ,,||,|.||V)_,| ) 

(4-7) ^r^> (S(0, ,,|,|.||^(.)-,|. )in.) C S(0, ,^ ^ V 



ll||af||£(a)-i||^i°^ 



Proof. The proof is very similar to the proof of proposition 12.31 and 
is again an inspection of some of the proof of the Inverse Function 
theorem. We only give the changes. 

Define r„ : S(0, ^) ^ 3 by r„ : fo f-> '^a{b)E{a)~\ Then we have 

DT{0){h) = h. We now define T : S(0, ^) ^ 3 by T{b) = b- Ta{b) 
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for 6 G S(0, ^) and observe that r(0) = and DT{0) = 0. Thus by 
use of ()4.2|) we have 



||DT(0)|| = \\DTaib)-DTam 

"E{a)-'\\\\D^a{b)-D^, 

llln_n2„.„ 2-11/ 



< 



40 1 
<81<2 



for 6gS(0, 



ll|jar||£;(a)-l||^' ^^ 

We can now proceed exactly as in the proof of proposition 12.31 to 

^ '' injectively onto a neighborhood 



show that Ta maps B(0, — - 
of containing S(0 



it is obvious that boE{ay^ G S(0 



a||^||£;(a)-l 

. Thus if bo G S(0, 



S(0, 



ll||ar||_E(a)-i| 



ll||a|r||£(a)- 

so there exists b G 



such that Ta{b) = boE{a)-\ But then ^^(6) 



ll||af ||S(a)-i 

Ta{b)E{a) = bo, so ^, maps S(0, ^ ^ 
borhood of containing !B(0, 



ll||af ||£;(a)-i 



E{a)-^ 



To see (|13 observe that for 6 G S(0, — — 



injectively onto a neigh- 



we have 



■||£(a)-l| 



E(a)-i5]£;(a(6ar) 



n=l 



< 



< 



LBfa) 



E 

n=0 



a 



11 



1 - — 

^ 11 



2 <1> 



SO (J4.7I1 now follows from 

oo 
(4.8) ^a(&) = XI ^((^«)") = ^^(«) I 1 + ^(«)~^ 5Z ^(«(^' 



n=l 



n=l 




D 



We can now define the amalgamated S'-transform 



Definition 4.4. Let A he a unital Banach algebra, 1 G S C j^ a 
unital commutative Banach sub-algebra and E : A ^ "B a conditional 
expectation. Let a G ^ be a fixed non-zero element such that E{a) G 
Sinv Define the amalgamated S'-transform of a by 



(4.9) 

for 6 G S(0, 



S,ib):=b-\l + b)^<-'^ib) 



ll||ar||E(a)-l 



77 linv 



We have the following amalgamated version of (|1.2 
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Theorem 4.5. Let A be a unital Banach algebra, 1 E T) C A a unital 
commutative Banach sub-algebra and E : A —>■ Ti a conditional ex- 
pectation. Let ai,a2 G A be "B-free fixed non-zero elements such that 
E{ai),E{a2) E Sinv Let 

b G S(0,min(^^^^^^^^-p^, ii||,^||2||^(,^)-i||2, ii||,,+,,||-||i(,,+,,)-i||^))mv 
Then 

Saia2ib) = Sa^{b)Sa2ib). 

Proof. Let 

and let 6i G S(0, ^^^^^^^-^3^)^,, and 62 G S(0, n||a,|h|V2)-MI ^'"- ^^ 
the uniquely determined elements such that 

6 = ^,,(61) = ^,,(62). 

Note that 

(4.10) 6 + 1 = ^((1 - 6iai)-i) = £;((! - 0262)"'), 

where the last equality follows since B is commutative. Define 

A^{b^) = (l-b^a^)-'-E{{l-b,a^)-'), 
^2(^2) = (l-a2b2)"'-^((l-a2f'2)"'). 

By (PTTTl we have 

(l-6iai)Ai(&i) = l-(l-6iai)(l + &) 
^2(fc2)(l-a2fo2) = l-(l + b)(l-a2fe2), 

and thus 

(1 _ b,a^)b (1 - riA(bi)(l + by^A^ib^)) (1 - a2fc2) 
= (1 - biai)b{l - 0262)- 
(1 - (1 - 6iai)(l + b)) (1 + f>)-i (1 - (1 + b){l - a2&2)) 
= -(1 + b)-^ + (1 - 6iai) + (1 - a2b2) - (1 - &iai)(l - a2f'2) 

= 1 - (1 + 6)"^ - 61010262 = YTT ( ^ T—biaia2b2 j , 

where j^^ and ^ denotes the elements (1 + b)~^b and 6~^(1 + b) 
respectively. We claim that ||6~^yli(6i)(l + 6)^^2(62)1! < 1- Inverting 
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we have 

1 ; 61010262 



6 "^-^-^"^J b 

= (1 - a2b2)-' (1 - rMi(6i)(l + 6)-M2(62))"' 6-1(1 - 6iOi)-i 
00 
(1 - 0262)-^ ^(6-Mi(6i)(l + b)-'A2{h))%-\l - hai)-\ 

n=0 

Since Ai(6i) and ^2(63) are 3-free and E{Ai{bi)) = ^(^2(62)) = 0, 
S-freeness implies by ()1.4|) that 

E{{1 ^—61010262) }—— 

6 6 

= E{{1 - 0262)-i)6-i£;((l - 6iOi)-i) = ^1±31^ 

b 

so we conclude that 

'^a,a,{—^bib2)=b. 

Hence 

To prove the claim assume for a moment that 

(4.11) ||0i||||^(0i)-l||< ||02||||^(02)-l|| 

and observe that 

(CO 
5^(6101)" -^„, (6: 
n=l 
' / 00 

6ii?(oi) l + i?(oi)-i5^i?(oi(6iOi)'^)) ) ^(6101)" -1 

\ fc=l / / n=\ 

1 + E{ai)-^ Y, E{ai{b^aif) E{ai)-'a, 5^(6iOi)" - 1, 

V fc=l / n=0 

SO 

(4.12) ||6-iAi(6i)|| < (^^^ lloill \\E{a^)-'\\ (j^) + ^ 

= y lloill ||^(oi)-i|| + 1 < y I|a2|| ||^(a2)"'|| + 1. 



20 LARS AAGAARD 

Also 

{l + b)-'A2{b2) = {I + b)-\l - a2b2)-' - I 

oo oo 

n=0 fc=0 

oo oo 



E(-^)" + E(«2^2)'= + E(-^)" E(«2f'2)^ 



n=l fc=l n=l fc=l 



SO 



(4.13) ||(l + 6)-%(62)| 



1 2 1 2\ 1 32 1 

< I -: + :: + -::: 



,10 9 109; llflsll 11^(02)^^11 90 ||a2|| 11^(02)^^1 
The claim now follows by combining ()4.12|1 and ()4.13p 

\\b''A^{b^){l + b)-'A2{b2)\\ 

< \\b-'A^{b,)\\\\{l + b)-'A2{b2)\\ 



7 " '"II ' '^ II ; 90||a2||||S(a2)-i|| 

1132 32 

< \ < 1. 

7 90 90 

Finally if we have ||ai|| ||£'(ai)~^|| < ||a2|| ||i?(a2)^"'^|| we just do similar 
calculations on Ai{bi){l + b)~^ A2{b2)b~^ instead. D 

5. Examples 

The amalgamated R- and S'-transform is related as follows. 

Example 5.1. Let A he a unital Banach algebra, and let 1 G B C ^l be a 
unital commutative Banach sub-algebra, and E : A ^ "B a conditional 
expectation. Let a G ^ be a fixed non-zero element such that E{a) G 



Sinv. As in the scalar case |HH INS2] we have the following relation 
beween the amalgamated R- and S'-transform 

(5.1) bSa{b) = [bRaib)]<-'>. 

To see ()5.H1 note that for b G Sinv of small norm we have 

9a{b)Ra{9aib)) = QaibW^ - QaihV) 

= E{{1 - ba)-^)bb-^ - I 

CO 

= Y.E{{bar) = ^a{b). 

n=l 
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and 

1 + \& (b) 

Mb)Sai^a{b)) = ^a{b) ^^^^|^ & 

CO \ 

l + J2E{{bar)]b 

n=l J 

= Qaib). 
So ()5.H) now follows easily because 

ga{b)Ra{ga{b))Sa[ga{b)Ra{ga{b))) = ^ a{b) S a{^ {h)) = ^.(&) 

and 

mMSa{^^{h))Ra{^MSa{^a{b))) = g a{b) Ra{g a{b)) = ^ a{b) ■ 

U 
We have the following dilation formula. 

Example 5.2 (Dilations). Let Tl be a unital Banach algebra, and let 1 G 
S C yi be a unital commutative Banach sub-algebra, and E : A -^ 'B 
a conditional expectation. Let a G ^l be a fixed non-zero element such 
that E{a) G Smv Assume that z G Sjnv. 

Then for h G S(0, ^) and hz G 3(0, ^) we have 

oo oo 

vI/,„(6) = 5^i?((6(^a))") = 5^i?(((fe)a)") = vi/„(fe), 

n=l n— 1 

and 

-5.(^.(6)) = ( f;(M" ) ( Eif*^)" ) f*^^-' = ^-\ 

\n=l / \n=0 / 

for ||6|| sufficiently small. Thus 

SW^Ub)) = ^^a{h)-\l + ^Ub))b 

= ^!,a{b)'\l + '^.a{b)){bz)z'^ 
= Sa{^a{bz))S,{^>a{bz)) 
= Sa{^.a{b))S,{^,a{b)) 

SO 

S.a{b) = Sa{b)SM 

for h invertible and ||6|| sufficiently small. 

D 
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Note that in the above example we did not use the commutativeness 
of B, so the example above shows that if we define the amalgamated 
S'-transform by ()4.9|) for non-commutative B we would actually have 
to look for a product formula of the form: 

(5.2) Sa,a,{b) = Sa,{b)SaAb) 

for ai *-free from 02 and ||6|| sufficiently small. This suggests that it is 
actually more natural to consider the inverse of the S'-transform than 
the S'-transform. 

Unfortunately we do not know whether ()5.2p is true or not when B 
is non-commutative, but our guess is that it is not true in general. 
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